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The impact of different spherical geometry of electrode pores, core, core-shell, shell, beside of yolk-shell on the
Faradic and EDL capacitances were investigated by combining electrochemical reactions with Modified
Fundamental Measure Theory. The behaviors of the capacitance with concentration, pore size, electrode po-
tential, and wall curvature have been studied and explained via potential drop in the stern region and EDL
thickness. The two bird and bell shapes of the total capacitance curves have been observed due to the different
concentration. Our results show that the core-shell model, with both convex and concave surfaces, is a unique
spherical geometry for increasing capacitance. This observation may be explained via the confinement effect and
the greater electric field. Our findings demonstrate that at low potential, as well as high potentials when the pore
thickness is larger than 2 times the ion's diameter the larger capacitance is mainly related to field strength. To
separate the effect of concave and convex walls in Faradic capacitance, the results for core-shell geometry have
been compared with two other spherical geometries, a core one with a convex wall and a shell type model with a
concave surface which our results show that the core-shell model is superior in comparison to both of them in

increasing the capacitance.

1. Introduction

Supercapacitors, as electrochemical energy storage devices, are
optimal for applications requiring rapid response and great power
density [1]. It is well known that two types of mechanisms are expected
for energy storage in supercapacitors; non-Faradic processes based on
electrostatic adsorption, which are named electric double-layer capaci-
tors (EDLc) and Faradic process known as pseudo-capacitors which acts
based on the reversible electrochemical reaction [2]. The Faradic and
electric double-layer (EDL) capacitances play different roles in electro-
chemical energy-storage systems. The EDL capacitance, which origi-
nates from the rapid adsorption of ions at the electrode surface, is well
suited for high-power and fast-response uses, including power buffering
and short-term load leveling. In contrast, the Faradic capacitance,
arising from reversible redox reactions, provides higher energy density
and therefore becomes more important in applications that require
larger amounts of stored energy [3-5]. Therefore, understanding and
controlling the balance and distribution of these two components
through pore geometry design, material selection, and electrolyte
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conditions enables the rational design of electrodes that simultaneously
optimize both power and energy. Such insights can be applied to the
design and optimization of asymmetric supercapacitors, flashes deliver
power, portable and wearable electronics, energy recovery systems, as
well as ionic separation processes [5].

It's important to introducing the supercapacitors with high capaci-
tance, energy density without sacrificing the power density and cycle
life [6]. Achieving optimal performance in supercapacitors requires the
development of specific combinations of electrodes, electrolytes, sepa-
rators, and current collectors. Among of the mentioned parameters
which contribute to the performance of the supercapacitor, the elec-
trolytes and electrode materials have the most significant impact on the
operating potential window and therefore the capacitance.

From microscopic point of view the capacitance is predominantly
influenced by the thickness and charge of EDL beside of the surface
properties of porous electrodes. In fact, the porosity, shape, size, and
morphology of the electrode have an important role in the performance
of the supercapacitor [7]. When the pore size is comparable to the
electrolyte ions' size, it maximizes the utilization of pore space and
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achieves optimal capacitance [8,9]. As we know the transport of ions in
nanoscale systems differs from those ones in bulk electrolytes due to the
confinement of electrolytes into the pores. This confinement has also an
impact also on electrochemical reaction. Largeot et al. investigated the
impact of nanopore size on the capacitance of an electric double layer
supercapacitor. They found that pores that are very close to the size of
electrolyte ions have the highest capacitance additionally, both larger
and smaller pores showed a reduction in capacitance [10]. It should be
noted that the EDL overlaps in the EDL structure for small pores, due to
limited space for screening the surface potential, has significant in the
amount of energy storage [11,12]. Jiménez et al. illustrated that at low
surface potentials, when ions are subjected to severe confinement con-
ditions, approximately at 2 nm or less (only slightly larger than the size
of hydrated ions), EDL overlap is observed. Under these conditions, the
concentrations of counterions, surface charge density, and EDL capaci-
tance are all relatively small. Additionally, the findings of their study
indicate that EDL overlap does not occur in micropores under conditions
of low surface potentials combined with high ionic strength or at large
surface potentials [12]. Beside of the role of the surface area of elec-
trodes and its pore size, the pore geometry is an important factor that
significantly effects on the ion adsorption at the interface of the
electrode-electrolyte [13,14]. Many theoretical studies have been
focused on examining the capacitance of porous electrodes with
different pore geometries, such as slit, cylinder, and spheres. Theoretical
results indicate that supercapacitor charging behavior is significantly
influenced by the convexity, or concavity, of nanoscale surfaces [15].
For surfaces with the same convex curvature, the contact density and
zeta potential are lower than those on the flat surfaces. In contrast, for
surfaces with concave curvature, the order is reversed: flat surfaces are
associated with lower values, followed by cylindrical surfaces, and
spherical surfaces have the highest values [15-18]. The potential
applied to the electrode surface dictates which the convex or concave
surface contributes to the rise in capacitance [19]. Reindl et al. inves-
tigated the curvature effect on the capacitance of electrolytes in contact
with planar, spherical, and cylindrical electrodes. Their findings
revealed that the capacitance is notably impacted by the surface charge
density in the case of electrodes with small curvatures, while the influ-
ence of surface charge on electrodes with larger curvatures is negligible
[20].

Also, modification of the electrode surface by doping heteroatoms
such as nitrogen, oxygen, boron, and/or sulfur onto the porous surface
can affect o both electric double-layer capacitance and pseudo-
capacitance, leading to improved performance in supercapacitors
[14,21,22].

The oxygen functional groups on the carbon electrode can be cate-
gorized as acidic or basic. Acidic groups include hydroxyl, carboxyl, and
phenol, while basic groups include ketone, quinone, and carbonyl. It is
easy for basic groups to pick up protons in acidic environments, and
acidic groups combine with hydroxyl ions in an alkaline solution (OH)
[23,24]. Su at el. used classical density functional theory to show how a
simple molecular model can describe the electric double layer when
there are Faradic reactions. They showed that adding oxygen functional
groups to planar electrodes raises the Faradic capacitance but doesn't
have much effect on the electrical double layer capacitance. Theoretical
predictions correspond with the experimental observations [25].

The main goals of this article, is investigated the impact of various of
spherical geometries and pore size on EDL structure and Faradic
capacitance by using a powerful technique, namely the combination of
surface electrochemical reaction and classical density functional theory
(CDFT).

It should be noticed that different spherical have been synthesized in
experiments. Among yolk-shell structures, metal oxide hollow struc-
tures, and hollow carbon nanomaterials, are in attention due to their
features such as void space, large surface area, effective light absorption,
and resistance to volumetric expansion [26-28]. Although these struc-
tures offer many advantages, challenges such as precise control over
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features like shell thickness, core diameter, and particle size remain
[29]. Through modeling these structures, we can gain a deeper under-
standing of their behavior and performance, enabling the development
of improved synthetic methods and optimized applications in energy
storage and conversion systems. To this end in this article, we have
considered a core-shell model for the pores of electrodes and investi-
gated the effect of both concave and convex walls of the pores simul-
taneously on the Faradic and EDL capacitance. A key innovation of this
research to the consideration of functional groups and the application of
electric potential to both surfaces, concave and convex ones, in the case
of core-shell model, and investigated Faradic and EDL capacitance. Also,
examined the role of the potential drop in the Stern region in the amount
of capacitance. We have also studied the impact of different spherical
geometries on Faradic capacitance for three different structures:
spherical core-shell pores, spherical shells, and spherical cores. Finally,
we investigate the effects of the electric field and confinement effects by
comparing three spherical pore models, including core-shell, yolk-shell,
and shell pores.

2. Model and method
2.1. Modeling of the faradic reaction at the electrode surface

The system being studied consists of porous electrodes that are
immersed in acidic solution which contains ions of the same size. Fig. 1
depicts the porous electrodes of a pseudo-capacitor with core-shell
spherical pores. These pores are made up of two homo-center spheres,
an aspherical core with a radius of R, which is inside a larger sphere or
spherical shell with a radius of Ry Note that ions are distributed be-
tween two homocentric spheres in these pores, and are in equilibrium
with bulk electrolyte. On the other words, the ions have been confined
between two concave and convex walls of the pore related to the shell
and core respectively. This type of pore has been chosen because it is
possible to investigate the effect of both concave and convex walls of the
pore on the capacitance behavior.

Considering the basic oxygenated functional groups (B) on the
convex and concave surfaces of these pores, the Faradic reaction is
possible, which enhances the supercapacitor's capacitance. The Faradic
reaction of the basic groups on the surface in the presence of an acidic
solution can be represented by the following equation:

B+H'+e SPK = o

ay+ap = N(1-0) ay+

N(1-6) No €h)

where B, is a functional group on the surface of the electrode, that exists
in its oxidized state, and as a result of the reaction, P is produced in its
reduced state. N is used to denote the site densities of basic functional
groups on the electrode surface. 6 represents the fraction of active sites
that interact with H™ ions under any applied potential.

As a first approximation in the Eq. (1), the activities of functional
groups (ap and ap) has been presented by site densities. The amount of
charge density storage on the electrode as a result of the Faradic reaction
[25], Qr, may be obtained as;

Qr = —eN6 2
where 0 is;
Kay+

0=—""— 3

KCIH+ +1 ( )

The activity of H, ay+, is equal to y; [H'], where the activity coef-
ficient, y;, may be obtained via CDFT. In fact, we used the Modified
Fundamental Measure Theory (MFMT) in the framework of the
restricted primitive model (RPM) to obtain ay+, which in the next sec-
tion we present a brief review on it. The activity coefficient may be
expressed within the RPM as follows;
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Fig. 1. Schematic representation of the microscopic structure of the electrode for pseudo-capacitor with a core-shell pores, basic oxygenated functional groups on it

has been also shown.

kBTln}'i = Hiex = :ugsex +:ulele.x +Zie’f’(r) (4)

where uf5, and uf., are the local excess chemical potential due to hard-
sphere repulsion and electrostatic correlation, Z; and e are the valence
ions and the unit charge respectively. ¥(r) also is the mean electrostatic
potential (MEP).

Finally, by determining Qr using Eq. (2), the integral of Faradic
capacitance, Cp, is;

Cr= ’ ()]

Qr 4
=|—eN——r
N T
where ¥(R) is the electrode potential. To get the total Faradic capaci-
tance of a core-shell spherical pore, we should calculate the capacitance
related to the core part, Cr;, and the shell ones Cr o, in parallel manner,
resulting:

_ C"F,inRin2 + CF,outRout2

C
’ (Rin2 + Routz)

(6)

Besides the Faradic reaction, the formation of the EDL at the inter-
face of the electrode-electrolyte can cause the storage of the charge on
the electrode. The amount of net ion charges into the core-shell pores
can be obtained via density distributions of ions, p;(r), by the following
equation:

4z ze }i:“’ r2p,(r)dr
i=ab

= - 7
4r (Rin2 + Routz) ( )

_ Gion
4r (Rin2 + Routz)

Qion
Therefore, the integral capacitance of the electric double-layer
supercapacitor (Cgpy) is;

Qinn
#(R)

| (®

CEDL = |

The Faradic and EDL capacitances are combined in a parallel
manner, therefore the total capacitance, Crotal, is determined by

Crotat = Cr + Cepy ©

2.2. Classical density functional theory

For the system of interest, the electrolyte into the pore is in equi-

librium with the bulk electrolyte, at a constant temperature, T, volume,
V, and chemical potential, ;. In this condition, the thermodynamic
potential function of the system is the grand potential. Grand potential
function is obtained by Legendre transformation of Helmholtz free en-
ergy with respect to N; variables, as follows:

QUp}] =F [{p;}] - ZNiﬂi (10
i=ab
In the given equation, {p;} represents the density distribution of each
species. The symbol y; represents the chemical potential, and F [{p;}]
stands for the Helmholtz free energy function. In our studied system the
two ions, a and b, have been modeled as charged hard spheres, and
therefore F [{p;}] includes the following terms:

F[{p}) = F* [{pi}] + Fex [{p}] + Fee [{p}] + Fee Hol + Feu[{p}] - (A1)

F4[{p;}]is the ideal contribution, F™ [{p;}]is the hard sphere
contribution [30,31], FS, [{p;}] is the direct Coulombic contribution
[32], F& [{p;}] is the electrostatic correlation contribution [18], and
F*t[{p;}] is the contribution of the external field on the ions. The
calculation of each of these terms for the studied system is given in our
previous work [33]. The chemical potential of ions can be calculated
using the expression for their bulk one as;

Hi = M S o+ (12

where uﬁ) and ,u?_f)’ex are the contributions related to the ideal and the
hard sphere where the latter can be determined using the Bou-
blik-Mansoori—Carnahan-Starling-Leland (BMCSL) equation for the
bulk [34], ﬂf,ng is the chemical potential due to Coulomb interactions,

el
ib.ex,

obtain the ion's densities distributions, we minimize Q [{p;}] with
respect to the ion's densities as follow;

(a:z [{pi}]) B (aﬂd OFs  OF¢, N OF2L.
apy(r) TV ~\0pi(r)  dpi(r)  dpy(r)  apy(r)

and u represent the contributions of electrostatic correlation. To

+ Vet (1) —yi) =0
(13)

By inserting the derivations related to the different contributions of
the Helmholtz free energy into Eq. (13), the Euler-Lagrange equation is
obtained as follows:
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" N
pi(x) = plexp |:_ﬁ(a‘;147(5:))rv i Z

i=1

x / ACPUF — 1) x [p(r) — pb] dr — pZie[¥(r) —¥* ] + ﬁﬂﬁ’,‘,s) }
a4)

ACEf)elis the excess electrostatic direct correlation function, which
has been reported in Ref [35]. The Euler-Lagrange equation, ¥(r), is
related to the sum of the two terms of ,;,.L{’,‘) and V**(r) as follows [36]:

OF¢
Zie¥(r) = Bpf;) + VEU(r) (15)

Also ¥(r) can be obtained by solving Poisson's equation, using the
two following boundary conditions as;

(d‘l’(r)) - %
ar /g, € (16)

¥rRouw = 5II(Rout)

Gin
where Qg,, equal to P
convex surface, The solvent has been considered a continuum medium
with a relative dielectric constant, &, = ﬁ, equal to 78.5. The result of

the Poisson's equation for spherical core-shell pore is;

_ 1 Gin 1 qin _ 4r .
'1”(7') = T(Rout) —; (Rout) +; (T) ZS(Rgut)ZIe

i

which gy, is the amount of charge on the core,

Rout

4 T1 4 "Rout
< [P e A Pprydr+ 3 ae / rpi(r)dr
i in i rn

Rin

a7

where “r’ represents an arbitrary point within the core-shell pore, which
it gets different values between R;, to Ry,. We have also imposed the
condition of equality of #(R) on both concave and convex surfaces as;

#(Rin) = ¥(Roue) = ¥(R) 18)

To satisfy this condition the following equation (Eq. (19)) should be
also valid for the equilibrium densities in addition to Euler-Lagrange
equation (Eq. (14)).

Calculation the weighted

densities and
The excess chemical potential
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1 qin ) 1 (qin)
N +—(=| =
£ (Ruut £ Rin

in

4r Rour 4r
— ze rp,(ndr—>y —ze
Z:E(Rm) /R pilr) Z: e

‘Rout
></ rp;(r)dr (19)
Rin

It should be noted that in order to solve the Euler-Lagrange equation,
the input data, besides the temperature, the electrolyte concen-
tration, ¥ (R, ), the sizes of the pore and the ions, is an initial guess for
G, 5, according to Eq. (17) to calculate ¥(r). The Euler-Lagrange
equation (Eq. (14)) has been solved via the iterative method. The iter-
ation continues until the difference between two consecutive density
distributions for each of the ions at each point is less than 10*. These
densities can be considered as the equilibrium densities, if they also
satisfy Eq. (17). In fact, in this way the value of ¥ (R;,) is equal to ¥ (Roy),
means the initial guess for g, is correct. Otherwise, we repeat our cal-
culations with another guess for q,. These calculations repeat until the
equilibrium densities satisfy Eq. (19) in addition to the Euler-Lagrange
equation. Finally, the average density of H', py:, may be obtained by
its local equilibrium density distribution as;

_ 4 Rou %2 5%
Pr = = = / (0T *dr (20)
47 (Rou')® = (Rin”) ] R

The concentration of H" may be obtained by [H*] = where

0N
N, and ¢ are Avogadro's number and ions diameter. Fig. 2 illustrates the
flowchart of the programming presented, where the results of CDFT are
combined with surface electrochemical reactions to determine the
Faradic capacitance.

The validity of the model and programming was checked previously
[37] with a Monte Carlo simulation inside the core-shell pore. The re-
ported result shows excellent agreement between the two approaches.

3. Results and discussion
3.1. The faradic and EDL capacitance curves

As we know the Faradic capacitance is influenced by various pa-
rameters, including electrolyte concentration, size of the pores, and

applied potential. As a first try we investigate the effect of electrolyte
concentration on Faradic reaction, for simplicity we have considered a

Iteration and Numerical

- Solving Poisson’s Equation
v (1)

Fig. 2. A flowchart detailing our calculation method for determining Faradic capacitance.
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single core-shell spherical pore with a size of R, = 20 and Ry, = 3.50
where the number densities of oxygenated group, Nrotal, On it is equal to
0.1 nm 2. We have also assumed that the equilibrium constant for the
Faradic reaction is equal to unity, K = 1. It is important to note that
changing the equilibrium constant affects the capacitance values, but
the overall trend and also our discussion remains unchanged.

Fig. 3a. shows the fraction of active sites, which interact with H', 0,
as a function of potential for different (+1: —1) electrolyte concentra-
tions including 0.5, 1.0, 1.5 and 2.0 M at a temperature of 298 K. For
simplicity and consistency with our theoretical framework, we assume
that both cations and anions in aqueous solutions are fully hydrated,
modeled as charged hard spheres with an effective diameter of 0.5 nm,
in line with previous studies [25].

Fig. 3b depicts the average density of H', py+, which adsorbed into
the pore versus ¥(R) under conditions similar to those ones in Fig. 3a.
According to Egs. (2) and (3), it is clear that the average concentration of
H*, [H'], into the pore has a close relation with the behavior of ¢ versus
¥ (R). As one can see when the negative potential on the electrode sur-
face increases py+ increases, for all examined concentration which en-
hances the functional group reactivity. As the number of sites involved
in the reaction is limited, all functional groups are involved in the re-
action and 6 goes to unity at a specific potential depending on concen-
tration. It means increasing the potential to higher value will not have an
impact on the reactivity and therefore the charge storage via the Faradic
mechanism.

At positive potential, the concentration of H into the pore decreases
and goes to zero due to electrostatic repulsion with the pore walls.
Therefore, no significant reaction can occur. Also, Fig. 3a shows that 6
curve shifts towards positive potentials with concentration. This means
that at high concentrations, the adsorption of H" occurs even at low
positive potentials. On the other words, the range of the potential at
which the electrochemical reactions can occur, increases with
concentration.

Fig. 4a shows the Faradic capacitance curve, calculated from Eq. (5),
at the same condition of Fig. 3a. As we expected the Faradic reaction
mainly occurs at the low negative potential approximately at ¥(R)=
—0.01 V. According to Fig. 4a, the supercapacitor's Faradic capacitance
increases with concentration, resulting in more charge storage. In
summary, increase in the concentration of H' in the bulk causes an in-
crease py+ into the pore, leading to an expected increase in the Faradic
capacitance due to the more electrochemical reaction.

Fig. 4b illustrates the integral EDL capacitance curve at the same
conditions depicted in Fig. 4a. The symmetric shape of capacitance
curve is due to the equal size and valance of the cations and anions. As
shown in the figure, the capacitance curve can be either camel-shaped at
low concentration or bell-shaped (at higher concentration). In fact,

1.0
0.9 :{‘x ()
08 | onm ——— C=(.5M
07 | ‘x_* -=¢--C=1.0M
06 | \-' cood@e-- C=1.5M
o 0.5
04 |
03 |
02 |
01 |

0.0 . .
03 02 01 0 01 02 03
PR) (V)
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depending on the electrolyte concentration, a transition from camel-
shaped to bell-shaped one can occur. For the camel curve of the EDL
capacitance, a minimum observed near zero potential where the two
maximums appear at higher positive and negative potentials respec-
tively. (see the curve related to the concentrations of C = 0.5 M and 1.0
M). The minimum and maximum of the camel curves are associated with
the formation of a wide diffuse and the compact layers of ions into the
pore. In fact, at low concentrations, the compact layer of ions is not
formed at nearly zero potential. However, at higher concentrations, the
compact layer can be formed easily around zero potential. In summary,
we may say that as the electrolyte concentration increases, the gap be-
tween the two maximums in the camel capacities curve decreases till
they coincide to each other at nearly zero potential. Leads to bell curve
capacitance (see the graph related to 1.5 and 2.0 M concentrations).

The total capacitance curve for a core-shell pore, according to Eq.
(9), which is the sum of EDL and Faradic capacitance has been also
shown for different concentrations, including 0.5, 1.0, 1.5 and 2.0 M in
Fig. 4c. As one can see, at low electrolyte concentrations, the combi-
nation of Faradic and EDL capacitance results a bird-shaped curve. On
the other words, the appeared peak at nearly zero potential related to
Faradic capacitance while the two others are related to the EDL one.
Additionally, the capacitance curve related to 1.5 and 2.0 M have a bell
shape because both of the maxima related to Faradic and EDL capaci-
tance have been appeared at nearly zero potential. In fact, the transitions
from a bird-shaped capacitance to a bell one corresponds to the con-
centration for which the EDL capacitance has a bell shape.

3.2. Effect of pore size on faradic and EDL capacitance

Fig. 5a shows pg- inside pores with different sizes in contact of an
acidic electrolyte solution with a concentration of 1.0 M. In this figure,
the value of Rj, has been fixed at 26, while the Ry has different values,
including 3.5, 4, 5, and 6.5¢. In fact, by increasing Rqy, the pores'
thickness, H = Royt - Rip, increases. As one can see, at negative potentials,
pu- decreases with size. Our results show that although the number of
H™ increases with size, its increase compared to the increase in the
volume of the pore is less, leading to a reduction in the average density
of H' ions into the pore.

Fig. 5b shows the functional groups' reactivity at the pore surface at
the same conditions as Fig. 5a. As one can see at positive potential
branch by increasing the thickness of the pore the reactivity decreases
and it goes to zero at higher potentials. This may be explained by the fact
that with an increase in the thickness of the pore, a larger number of H*
ions are adsorbed, and therefore a higher positive potential is required
for their desorption. In fact, we have an electrochemical reaction until
H" is despaired totally from the pore. However, in the negative branch

2.0
18 & (b)
1.6 3 R —— C=0.5M
14 | ;!‘ -=#--C=10M
12 |

1.0
0.8
0.6
04 r
0.2 r

0.0 L
03 -0.2 -01 0 0.1 0.2 0.3

P(R) (V)

N\ oo C=1.5M
*-.

3
Puave ©

Fig. 3. a 0 versus ¥(R) related to the of core-shell spherical pore with a size of Ry, = 26 and R,y = 3.56 and b the average density of H" ¥(R) for different con-

centrations, including 0.5, 1.0, and 2.0 M.



E. Keshavarzi et al.

Journal of Energy Storage 163 (2026) 122209

3.0
(b) AD —e—(C=05M
25 ¢ A DA _e_Cc-L0M
A \ v e C=1.5M
GE\Z-O - ,’..". \— & = C=2.0M
(=
s A A
15 ¢ /._' a
é .
©a.
0.5
o-o 1 1 1 1 1
03 02 01 0 01 02 03
¥R (V)

—0— C=0.5M

f\ -=¢--C=1.0M
! \ ceed@--- C=1.5M
T - & = C=2.0M
A
.

1.6
14 | (a) —o— C=0.5M
i ﬁ\ -=#--C=10M
“ T ,‘ ceodlB - C=1.5M
_ 10| J@ —a-ca2m
s 08¢ 4
J 0.6 ?.
0.4
0.2
0.0
03 02 01 0 01 02 03
7R (V)
5.0
as | ()
40 |
35 |
o 3.0
E
Z 25
g 20
9]
1.5
1.0
05 |
0.0 - -
03 02 .04

0.2 0.3

FR) (V)

Fig. 4. The integral Faradic capacitance a, The EDL b and the total capacitance ¢ curve for core-shell spherical pore with a size of Rin = 26 and Rout = 3.5¢ the other

conditions are the same as Fig. 3a.
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Fig. 5. a The average density of H™ and b the fraction of active sites involved in the reaction as a function of potential for core-shell spherical pore where Ry, is
constant at 20, while R, varies, including 3.5, 4, 5, and 6.5¢ at electrolyte concentrations of equal to 1.0 M.

of the potential, it goes to unity at lower potential for smaller pores. This
can be explained by formation of the more compact layer of H' ion into
the smaller pore due to the confinement effect.

In Fig. 6a, the integral Faradic capacitance for various pore sizes for
the core-shell model has been shown at the same condition related to as
Fig. 5a.

As we expected at positive potential branch, the Faradic capacitance
is greater for larger thicknesses. Conversely, at negative potentials, the

Faradic capacitance decreases with size. The maximum Faradic capac-
itance is observed at an applied potential nearly equal to ¥ (R) =-0.01 V.
The inset plot in Fig. 6a, enlarged the behavior of the Faradic capaci-
tance around a potential equal to —0.01 V. According to this figure is the
maximum value of Faradic capacitance decreases with pore size. This
decrease is attributed to the decreases in the average density of H' with
size.

Fig. 6b shows the integral EDL capacitance curve at the same
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Fig. 6. The integral Faradic a, EDL b and total capacitance curves c for core-shell spherical pore with R;, = 2c while the Ry, varies, including 3.5, 4, 5, and 6.5¢ at

concentrations equal to 1.0 M.

condition as Fig. 6a. As one can see, the camel curves have been
observed for pore thickness equals to H = 1.5, 3, and 4.5¢. It means a
bell shape for EDL capacitance is observed for the case of H = 2c. This
may be explained via the fact that only for this pore size a typical two
order layer of ions may be formed into the pore, one adjacent to the
convex surface and the other next to the concave surface. Both of them
are compact even at such a low potential. Our mean is for smaller sizes,
H < 20, if the two layers form, they should be disorderly necessarily.
Also, for larger sizes multiple diffuse layers may be formed leading to a

(a) P(R)=-0.5V
~1.6
1.4
£1.2
g 1
E 0.8
-g 0.6
o
Q -
0
6
o T8
mC_Faradic ®=C_EDL ®C_Total

camel curve. This unique layer ordering, is only related to the pore size
equal to H = 2. since for such a case each of the layers is formed in
contact with the wall, and therefore the effect of the wall on their
ordering is maximum. In fact, for a 1.0 M concentration, where the
diffuse layer is formed, other sizes, the wall effect on the formation of a
compact layer for H = 20, is remarkable, which leads to a bell-shaped
capacitance curve.

In Fig. 6¢, the total capacitance curves for various pore sizes have
been shown. The total capacitance at the whole range of the potential

(b)

¥(R)=-0.01V

Capacitance (F/m2)
N

coco==NN!
cwoohuio=~N

mC_Faradic mC_EDL ®C_Total

Fig. 7. Column graph for the total capacitance and its contribution related to Faradic and EDL ones for pores with the core-shell model ata — 0.5 Vand b — 0.01 V

potential for 1.0 M concentration.
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(negative or positive) range, except near zero, increases as the pore size
increases. Which is attributed to the increases of EDL capacitance with
size. But at nearly zero potential, where the capacitance behavior is
determined by both EDL and Faradic capacitance, a systematic behavior
with size is not observed.

To investigate the behavior of total capacitance with size more
precisely at different potentials, we have plotted Figs. 7. Fig. 7a and b,
show the total, EDL and Faradic capacitances versus pore size at two
potentials equal to —0.5 V and — 0.01 V respectively under the same
conditions as Fig. 6a. As it is clear from, Fig. 7a the total capacitance
mainly determined by its EDL contributions. But, the role of Faradic
capacitance is significant at ¥(R) = — 0.5 V (see Fig. 7b).

3.3. EDL thickness and capacitance behavior

As we know, the microscopic structure of the EDL, the amount of the
charge into the pore, and therefore the total capacitance has a close
relation with the behavior of the MEP and may be interpreted via the
potential drop on the Stern region, where this region is free of ions. Our
meaning from the potential drop in the Stern region, according to the
modeling of ions as a hard charge sphere, refers to the potential differ-
ence between the surface potential, ¥(R), and the potential at Ror — § or
the zeta potential.

Both the behaviors of the total capacitance and potential drop in the
Stern region versus size have been plotted in Fig. 8a and b, respectively,
for different concentrations, including 0.5, 1.0, and 2.0 M at ¥ (R) =
—-0.5V.

As shown in the figure, the total capacitance for small pores does not
remarkably change with concentration, while for larger pore size it in-
creases with concentration. For a fixed concentration, the capacity at
first increases significantly with pore size but its variation with size
becomes slower for higher pore size. To interpret this behavior we
investigate the potential drop in the Stern region, which we have
demonstrated in our previous work that is closely related to the structure
of EDL within the pores [38]. According to our model, the Stern region
near the outer sphere is defined as the interval between Ry and Ry — §-
Therefore, the value of the potential drop in the Stern region,
| ¥(Rout) — ¢ |, where ¢, is the zeta potential, according to Eq. (17) is;

yI(Rowt) - é’ = (21)

1 1 ion
Rou R, — 3) (qﬁeq )

According to Fig. 8b, for all examined concentrations, | ¥(R) — ¢ |
versus pore size has a same behavior with those ones for the total

1.6
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capacitance with size. Similar to our previous work [38], we may say
that small value of the potential drop, points to the formation of a wide
diffuse layer which leads to remarkable EDLs overlap into the pore. In
fact, for small pores, where the distance between the two convex and
concave surfaces is small, the formed EDLs two surfaces overlap to each
other which causes a smaller value for total capacitance. Also, for such
small pore sizes increasing the concentration does not have a remarkable
effect on the potential drop and therefore the total capacitance. It means
increasing the concentration can have no remarkable effect on coun-
terion adsorption because of the small pore size. Conversely, when the
pore size increases, the value of potential drop increases, leading to a
formation of a thinner diffuse layer, lower EDL overlap, and therefore an
increase in capacitance (see Fig. 8a and b).

In fact, increasing the concentration for large enough pores leads to a
greater adsorption of counter ions, and therefore a thinner diffuse layer
leads to a more potential drop and therefore higher values for total
capacitance.

Such a study has been done at lower potentials. Fig. 9a shows the
behavior of total capacitance versus pore size at an applied potential
equal to —0.01 V for different electrolyte concentrations, including 0.5,
1.0, and 2.0 M. In this case, R;, has been fixed at 20, while Ry varies
from 3.5 to 100. In fact, for this study, the effect of the amount of cur-
vature of the concave wall is investigated. This figure shows that at low
and moderate concentrations, total capacitance initially increases with
pore size, then remains approximately constant for larger sizes at 1.0 M.
The maximum appeared in the plot related to is due to H = 2¢. This is
due to the formation of two compact layers inside the pore as we dis-
cussed in Fig. 5a. At 2.0 M concentrations, the capacitance trend with
pore size changes: it decreases with size and then remains constant for
larger sizes.

In Fig. 9b, the behavior of the potential drop in the Stern region is
depicted as the pore size increases under the same conditions as in
Fig. 9a.

Again, the behavior of the potential drop is so similar to these ones
for the total capacitance. Considering the low applied potential, the
lowest potential drop has been observed at low and moderate concen-
trations for small pores. At this condition the EDL thickness is wide, due
to the low electrode potential and also smaller concentration which
leads to a decrease in total capacitance. As seen in Fig. 9b, at low and
moderate concentrations, the potential drop increases with the pore size
up to a certain radius, after which it remains relatively constant. An
increase in the potential drop for larger pores suggests the development
of a thin diffuse layer within the pore, which is significantly influenced
by the concentration and applied potential. This figure. Also shows at a
moderate concentration,1.0 M, for a pore with a thickness equal to 20,

300
280 | (b)
260

2

—0— C=0.5M
2 -~#--C=1.0M
—a— C=2.0M

Fig. 8. a The total capacitance and b Behavior of |¥(R) — ¢| as a function of pore size for different concentrations of electrolyte equal to 0.5, 1.0, and 2.0 M and

applied potential equal to —0.5 V.
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the potential drop for that has the highest value while leading to a
greater capacitance. For this size, a thinner diffuse layer is formed, and
therefore less overlap happens. As the concentration rises to 2 M, the
maximum potential drop is related to the smaller pore, while an increase
in pore size results a decrease in the potential drop.

In general, the concentration factor at low applied potential, plays a
key role in determining the thickness of EDL and can influence the po-
tential drop in the Stern region.

Such a study has been done for spherical shell with Ry = 100, while
we alter the radius of the spherical core from 2 to 8.5 6. On other words,
the investigation involved a change in the amount of the curvature of the
convex surface and its impact on the total capacitance is studied. The
result of such a study is shown in the supporting information (Fig. S1a),
which shows the total capacitance versus pore size as the radius of the
convex wall increases at an applied potential equal to —0.01 V. The
electrolyte concentrations have different values, including 0.5, 1.0, and
2.0 M.

As we have shown the total capacitance increases with H for both
concentrations equal to 0.5 and 1.0 M. In fact, increasing convex surface
curvature (decreased Rj,) increases capacitance. As Rj, decreases
further, the change in capacitance with pore size becomes smoother. It is
clear that a spherical pore thickness may be generated by different
values of Ry, and Ry, our result shows that if a space value of H
degenerated by more value of Rin and therefore larger value of (Rout =
Rin + H) leads to more values of capacitance.

Fig. S1b in the Supporting information illustrates the behavior of the
potential drop versus H under the same conditions as Fig. Sla. As one
can see, the behavior of the in potential drop with size is correlated with

(b)

the behavior of the capacitance with size.
3.4. Why the core-shell geometry is suggested for the porous electrodes?

We have compared the amount of total capacitance for various
spherical geometries in this section. To do so, we have selected three
systems with spherical symmetries: a core-shell spherical pore with R,
= 20 and Ryt = 3.50, a shell or charged spherical pore with Rghepp = 3.50,
and a nanoparticle or charged spherical core with Reore = 20, as shown in
Fig. 10a. It is important to note that in this investigation, we separated
the effects of the convex surface from the concave one in the case of the
shell and core, respectively. While the effects of both convex and
concave surfaces come into account in the case of the core-shell model.
Where we also assume that the same density functional groups, the
applied potential on their surfaces, and all other electrolyte parameters
are the same. As we have expressed in the previous section, the con-
centration of H' inside the pore strongly influences the extent of elec-
trochemical reactions on the electrode surface and therefore the Faradic
capacitance. Since the density distributions around the convex and
concave walls are different, therefore the reactivity and also the Faradic
capacitance related to them are different.

Fig. 11a shows the average densities of H versus ¥ (R) for the core
and shell, as well as the spherical core-shell, when the other conditions
are the same as in Fig. 3a. The average density of H" around the
spherical core was calculated using Eq. (22), while Eq. (23) was used for
the spherical shell.

Fig. 10. Schematic presentation of core-shell model with ions inside it a, whereas the core and shell are presented in b and c.
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where d has been selected equal to H.

As one can see in Fig. 11a, when the potential is negative, the average
densities of H' inside the core-shell model are larger than those ones for
the core and also for the shell models. This fact may be explained via the
point that applying the potential on both convex and concave walls of
the core-shell simultaneously creates more electric field beside more
confinement effect, which leads to more adsorption of H ions. This fact
increases the reaction and therefore the Faradic capacitance. Also, ac-
cording to our results, the average densities of H* around the spherical
core, convex wall, are smaller than that those ones from the spherical
shell, concave surface. However, when a positive potential is applied,
the desorption of HT occurs more easily for the core-shell model.

Fig. 11b shows the functional groups' reactivity, 6, against the
applied potentials for the core-shell pore, as well as the spherical shell
and core ones. As depicted in this figure, the Faradic reaction occurs
more within the core-shell spherical pore because of more concentration
of H'. Also, when the potential is positive, § goes to zero at smaller
positive potentials for the core-shell model which points to its easy
desorption of H'.

1.2

—0@— Shell

== == Core_Shell

0.6 1 1 1 1 1 1 1

9 10 11

Fig. 11c illustrates the Faradic capacitance curves of these spherical
geometries. Again, for the core-shell spherical pore, as we expected, the
Faradic capacitance is more than those for the others geometries.

This investigation has been also done for other pore sizes where the
results are summarized in Fig. 12a. Fig. 12a shows the maximum value
of faradic capacitance, which occurs approximately around —0.01 V,
versus pore size. In detail, we have compared the maximum value of the
Faradic capacitance for spherical shell with core-shell models, where
Rghen for both cases varies from 3.5 to 10c. Note that in the case of core-
shell, the size of the core has been fixed at Rj;, = 26 where the other
conditions are similar to those ones in Fig. 11a.

As one can see, the Faradic capacitance for shell and core-shell pores
exhibits a decreasing trend with pore size. It means increasing the pore
size reduces the pore selectivity for H, allowing co-ions to adsorb along
with it, which leads to decreasing the concentration of H' into the pore.
In fact, reducing the amount concavity of the wall or increasing Rghell
leads to smaller adsorption of H" for both models, which causes
decrease the Faradic capacitance. Also, according to this figure the
Faradic capacitance for the core-shell pore is greater than those ones for
shells, especially at smaller sizes. The larger values of Cg for the case of
core-shell model may be interpreted via more confinement effect in
addition to the more electric field into the core-shell pore.

A similar investigation has been done for Faradic capacitance but for
the other two models including core and core-shell in Fig. 12b. In this
study, we selected different radius for core including Reore = 3.5, 4, 6,
6.5, 7, 8, and 8.50 where the potential is equal to —0.01 V, which yielded
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Fig. 12. A comparison of the Faradic capacitance between core-shell pores and a spherical shell with radii of 3.5, 4, 4.5,6, 6.5, 7, 8, and 10c b spherical core with
radii 3.5, 4, 4.5, 6, 6.5, 7, 8 and 8.56 at applied potential of —0.01 V in concentration of electrolyte equal to 1.0 M.
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the maximum Faradic capacitance. For the case of core-shell the value of
Ryt has been selected equal to 100, and the different value of Ry, is the
same as that for core geometry. In this case, to obtain the average
density of H', using Eq. (22) we set d equal to H.

Again core-shell model has greater Faradic capacitances than those
ones related to the spherical core. This is due to the confinement effects
and the stronger of electric field, which lead to more absorption of H,
thereby increasing the Faradic capacitance. The difference of the Faradic
capacitance between core and core-shell model, decreases as the value of
“H” increases, as Ry, decreases, because the charged surfaces and
confinement effects decrease with size. Also, the decrease in the
behavior of Faradic capacitance with Ry, may be interpreted as a
decrease in the amount of the convexity of the wall with increasing Rcqre
which causes more H' absorption.

According to the above explanation, it seems that the Faradic reac-
tion is better done for the core-shell model in comparison to the other
spherical geometries. As we explained before this is related to the more
confinement effect and also more electric field in this kind of pore. To
separate these two effects and also investigate another study to know
which one of these two factors has a greater impact on the values of the
capacitance. To do so, we have compared the result of the core-shell
model with another geometry, called the yolk-shell model.

To separate the effect of the confinement effect on total capacitance
from the effect of the strength of the electric field in the case of core-shell
pore, we introduced another pore as yolk-shell model. The geometry of
yolk-shell pore is the same as that for core- shell but in the case of core-
shell model, the potential is imposed on both shell and core simulta-
neously, while for the yolk-shell model, the potential is only applied on
the shell, leaving the core without any applied potential (see Fig. 13). In
fact, in this comparison, the effect of the confinement for both types of
pores is the same, while their difference is related to the electric field
strength. Fig. 13a and b show a schematic presentation of the core-shell
and yolk-shell model, along with the behavior of MEP. The applied
potential on both pores is equal to —0.5 V. Remember this potential is
applied on both surfaces of the core and the shells for the core-shell pore
but only applied on the shell (no core) in the case of the yolk-shell
model. The size of the spherical core (Rj,) is equal to 26, while for the

S

05V

Journal of Energy Storage 163 (2026) 122209

spherical shell (Ryy) is 3.50.

The behaviors of ¥(r) in the two types of pores have been shown in
Fig. 13c. As we know, the behavior of ¥ (r) and also its amount at each
point into the pore may be interpreted by the amount of the net ion
charge, the type of the ion distributions, and the amount of the wall's
potential. As one can see, |¥(r)| in the case of yolk-shell by decreasing
the distance from the shell reduces. As a result of the applied potential
on both convex and concave walls of the core-shell pore, |¥(r)| has
higher values in the whole of the pore in comparison to the yolk-shell
model. In fact, the strength of the electric field in the case of the core-
shell is more than those ones for the yolk-shell model. Also, our in-
vestigations show that the net ion charge into the core-shell model is
larger than that of the yolk-shell due to the strength of the electric field.

This result that the electric field and therefore Q;,, into the core-shell
model are more than those one for the yolk-shell is expectable. We have
obtained total capacitance, Cr, for the two types of the pore versus size
at ¥(R)= — 0.01 V, where their differences, Cr(core—shetty — Cr(yolk—shell)>
have been plotted in Fig. 14a. The electrolyte concentration is equal to
1.0 M, the size of the spherical core (Rj,) is 20, while the size of the
spherical shell (Ryy) varied from 3.5 to 10c.

Note that the difference between those two total capacitances is
related to the strength of the electric field or the connection of the core
to the potential. Another comparison between the total capacitances for
the shell and the yolk-shell, Cr(snery — Cryolk—sher)> has been done in
Fig. 14a. Note that by this comparison, the role of the confinement effect
is determined. This figure shows that the effect of the strength of the
field is more important with respect to the confinement effect, at least at
such a low potential.

Fig. 14b is the same as Fig. 14a but for ¥(R)= — 0.5 V. This figure
shows that the effect of the electric field strength is not so important for
small sizes, but for larger sizes it has a main role in capacitance. By
comparison of Fig. 14a and b we may say that the confinement effect
only at low potential for smaller pore size has effect on increases the
capacitance. But at higher potential, for very small sizes, the confine-
ment has a reversed effect because of the limited space; it decreases the
capacitance, and on the other words, the shell model is superior.

Fig. 13. a core-shell model, b yolk-shell model and ¢ the mean electric potential inside the core-shell and yolk-shell pores.
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Since we previously noted that spherical geometries such as hollow
metal oxides, including yolk-shell, core, shell, and multi-shell configu-
rations are experimentally realizable, it is instructive to related our
theoretical results to relevant experimental observations [39].

In particular, study on nanoporous CuCoz04 double shelled hollow
microspheres have shown that these structures exhibit higher capaci-
tance than core or shell structures alone due to their large surface area
and low density, which is good agreement with our results [39]. In fact,
the core-shell model in that study is somewhat similar to the yolk-shell
model in our study, where the potential is applied to the shell, increasing
the capacitance compared to cases using only the core.

In this study, the core-shell models are mainly considered with the
potential applied to both surfaces. Consequently, in our computational
results, core-shell structures exhibit higher capacitance than the yolk-
shell, core, or shell models owing to the potential applied to both the
core and shell. A comprehensive comparison of all four spherical
configuration has been presented in the supporting information
(Fig. S2), which shows the summarized differences in capacitance
behavior for examined geometries.

4. Conclusions

This study investigates the effects of concave and convex curvatures
in core-shell pores on EDL and Faradic capacitances using theoretical
methods and electrochemical reaction. The results show that increasing
electrolyte concentration increases both Faradic and EDL capacitances.
Also, the EDL capacitance curve shows a transitioning from a camel
shape to a bell shape depending on concentration and pore size. The
total capacitance curve exhibits a bird shape at low concentrations and a
bell shape at high concentrations. Studies on pore size show that
increasing pore size decreases Faradic capacitance, but EDL capacitance
behaves differently at low and high potentials. In the core-shell model
with thickness H=2c, only at 1.0 M does the capacitance curve take on a
bell shape, indicating the formation of compact ionic layers. Leading to
maximum EDL capacitance at nearly zero potential. In fact, for this pore
size, the two layers are in contact with the pore walls and are more
ordered.

The potential drop in the Stern region was also considered. Our re-
sults showed that at low potential, increasing electrolyte concentration
leads to a thinner diffuse layer, causing an increase in capacitance. At
high potential and small pore sizes, EDL overlap decreases the total
capacitance. For larger pores, the potential drop increases, leading to a
thinner diffuse layer and hence higher capacitance.

Compared to other geometries, the core-shell model shows higher
Faradic capacitance due to stronger electric field effects and spatial
confinement.

The yolk-shell model was introduced to separate the effects of
confinement and electric field strength. Comparing the effects of electric
field strength and confinement, we found that at low potential, the
electric field strength is more important for all pore sizes, while at high
potentials, it mainly affects larger pore sizes.
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